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Optimal Modulation and Coding Scheme Selection in
Cellular Networks with Hybrid-ARQ Error Control
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Abstract—We propose an optimal modulation and coding
scheme (MCS) selection criterion for maximizing user through-
put in cellular networks. The proposed criterion adopts both
the Chase combining and incremental redundancy based hybrid
automatic repeat request (HARQ) mechanisms and it selects
an MCS level that maximizes the expected throughput which
is estimated by considering both the number of transmissions
and successful decoding probability in HARQ operation. We also
prove that the conventional MCS selection rule is not optimized
with mathematical analysis. Through link-level and system-level
simulations, we show that the proposed MCS selection criterion
yields higher average cell throughput than the conventional MCS
selection schemes for slowly varying channels.

Index Terms—Link adaptation (LA), hybrid automatic repeat
request (HARQ), modulation and coding scheme (MCS), ex-
pected throughput, Chase combining, incremental redundancy
(IR), OFDM, HSDPA.

I. INTRODUCTION

INK adaptation (LA) techniques significantly increase
L user throughput by providing efficient ways to max-
imize spectral efficiency with the instantaneous quality of
wireless channels[1][2][3]. Hybrid automatic repeat request
(HARQ) techniques accompanied by retransmission improve
the throughput performance of the LA techniques by compen-
sating for link adaptation errors caused by inaccurate channel
estimation and the channel quality feedback delay[4][5]. In a
Chase combining (CC)-based HARQ mechanism, base station
(BS) retransmits the same frame as that of the initial transmis-
sion and, for decoding, mobile station (MS) uses the energy
increased by combining every received frame[6]. Incremental
redundancy (IR), which is a more complex HARQ mechanism,
sends additional parity bits through retransmitted frames and
increases the probability of successful decoding by achieving
both signal-to-interference-and-noise-ratio (SINR) gain and
coding gain through retransmissions[7][8].

The mapping between the channel quality and modulation
and coding scheme (MCS) level is one of the important design
issues in the LA techniques[9]. The conventional mapping
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design was to choose an MCS level which maximizes the
instantaneous data rate within a given constraint of frame
error rate (FER)[10]. However, the design did not consider the
performance improvement through HARQ operation. Zheng
et al.[11] proposed an MCS selection criterion considering
HARQ operation in which the mapping design is based
on maximizing the average user throughput. However, they
approximated the user throughput without estimating the exact
expected throughput obtained through HARQ operation in
retransmission.

In this letter, we investigate how to optimize the selection
of MCS levels for maximizing user throughput in cellular
networks while taking into account HARQ operation. We
consider both the HARQ mechanisms with CC and IR and, for
each HARQ mechanism, the proposed mapping design is to
select an MCS level which maximizes the expected through-
put (ET). Under the time-invariant channel states during
retransmissions, the proposed method optimally estimates the
expected throughput for a given number of transmissions and
successful decoding probability in HARQ operation. We also
mathematically prove that the conventional MCS mapping rule
proposed in [11] is not optimized with respect to the expected
throughput and, through the proof, we find that the proposed
exact MCS mapping rule estimates larger or equal throughput
to the conventional mapping rule. Through link-level and
system-level simulations, we show that the proposed ET-based
mapping criterion yields higher average cell throughput than
the compared mapping schemes for slowly varying channels.

The rest of this letter is organized as follows. In Section II,
we analyze the expected throughput with HARQ for a given
MCS level and propose an optimal MCS selection criterion
in cellular networks with HARQ error control. In Section III,
we compare the performance of the proposed MCS selection
criterion with that of the conventional schemes, based on link-
level and system-level simulations. Finally, we conclude this
letter in Section IV.

II. OPTIMAL MCS SELECTION CRITERION

We present an optimal approach to design the mapping
between the channel quality, i.e., SINR and MCS level for
maximizing user throughput. In this letter, we assume that
a synchronous HARQ scheme is employed for slowly vary-
ing channels. Therefore, retransmissions are likely to occur
soon after the initial transmission[12] and, the channel state
remains constant during retransmissions as that of the initial
transmission. If the channel states vary during retransmissions,
the expected throughput may be different from the actual
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TABLE I
ACRONYMS
[ Notation | Definition |
LA Link Adaptation
HARQ Hybrid Automatic Repeat reQuest
MCS Modulation and Coding Scheme
SINR Signal-to-Interference-and-Noise-Ratio
BS Base Station
MS Mobile Station
CC Chase Combining
IR Incremental Redundancy
FER Frame Error Rate
ET Expected Throughput
AUT Approximated User Throughput

throughput. However, in this case, the proposed MCS selection
criterion is still effective because the aggregated SINR value
increases as the number of HARQ operations accompanied by
retransmissions increases. Once BS selects an MCS level of
a given frame, the reselection procedure of MCS level for the
frame does not occur until all HARQ operations accompanied
by transmissions are completed. Acronyms are listed in Table
L

A. Expected Throughput with HARQ

We first analyze the expected throughput (ET) for a given
MCS level, considering HARQ operations accompanied by
retransmissions. MCS is one of the schemes made by the
combination of various modulation methods such as quadra-
ture phase shift keying (QPSK) and 16 quadrature amplitude
modulation (16QAM), and various code rates obtained from
puncturing or repetition by a channel encoder. The selection
of MCS level for a given frame is performed before the
frame is actually transmitted and, according to the objectives
of the mapping designs in the LA techniques, MCS levels
are differently selected. The proposed mapping design aims
at achieving the maximization of user throughput and, for
this, the design is to select an MCS level which maximizes
the expected throughput. The proposed optimal method for
estimating the expected throughput exploits not only the
channel quality but also the utilized HARQ operation, which
is defined as the following lemma:

LEMMA 1: The channel state is assumed to be time-
invariant during retransmissions. The expected throughput
(ET) obtained by adopting the Chase combining (CC)-based
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HARQ mechanism is the summation of the throughput esti-
mated at each (re)transmission. For given MCS i and the
maximum number of transmissions Npax, the ET obtained
through the CC-based HARQ mechanism with the channel
quality, SINR -y, is expressed as (1) where R; is the data
rate of MCS i, Pr(Sk|F1,...,Fi_1) denotes the probability
that a frame is successfully decoded at the k-th transmission,
conditioned on the previous k — 1 unsuccessful transmissions,
and F;(-) is the associated FER of MCS i with SINR (-).

PROOF. The throughput at each (re)transmission with
HARQ operation is obtained by multiplying the data rate
achieved at each (re)transmission with the probability that
a frame is successfully decoded at the (re)transmission. If
a frame made by MCS 1 is transmitted %k times, the data
rate achieved at the k-th transmission is reduced to R;/k.
With a soft-combined frame obtained through the CC-based
HARQ mechanism, the SINR used to decode the frame after a
retransmission increases to the sum of the SINR corresponding
to the original transmission and the subsequent retransmission.
Under the time-invariant channel states during retransmissions,
the SINR after the k-th transmission is kv when v is the SINR
at the initial transmission. In addition, at the k-th transmission,
the FER is retrieved by relating kv to the look-up table of
MCS i. Therefore, the throughput with SINR ~ at the k-
th transmission is expressed as (R;/k) - Hf;;ll Fiy(mvy)(1 —
F;(kv)), which is illustrated in Fig. 1 in detail. Consequently,
with the CC-based HARQ mechanism, (1) holds as the sum
of the throughput obtained from the initial transmission up to
the Nmax-th transmission. We will extend (1) in the case of
an IR-based HARQ mechanism in Subsection II-C.

On the other hand, Zheng et al.[11] also proposed an MCS
selection criterion considering HARQ operation in which
the mapping design is to choose an MCS level maximizing
the approximated user throughput (AUT). For given MCS 1
and the maximum number of transmissions N .x, the AUT
obtained through the CC-based HARQ mechanism with SINR
v is expressed as (2) where the numerator term indicates the
average data rate achieved with successful decoding and the
denominator terms represent the average number of transmis-
sions with the HARQ operations. However, (2) is not the
exact expected throughput and, thus, to prove this, we perform
the mathematical analysis which compares (1) with (2) in
Subsection 1I-B.

ETl(’y) = RZPr(Sl) + 7PI‘(SQ‘F1) + -+ PI‘(SNmaX‘Fl, ey FNmax_l)

Nmax k—1

= R Y 1 [ Rmn( - Filk) M)
k=1 m=1

Nmax
Rl(l — I—_[l Fz(m'y))
AUT(Y) = 5o — N 2
= k 1_—[1F (my)(1 = Fi(kvy)) + Nmax H_l Fi(mry)
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Fig. 1. Expected throughput obtained through the CC-based HARQ mech-

anism at each (re)transmission.
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Fig. 2. Comparison between throughput obtained by the ET and AUT where
the CC-based HARQ mechanism is employed in both methods.

B. Comparison of Throughput Estimation Methods

We first compare the throughput estimated by (1) in LEMMA
1 and (2) using a simple example. In this example, we assume
that BS selects MCS ¢ with SINR ~ for transmission of a
frame. And, MS successfully decodes a soft-combined frame
obtained through the CC at the second transmission. When the
data rate of MCS 1 is assumed to be 1 Mbps, the throughput
obtained from (1) is 1 - (1 — F;(y)) + (1/2) - Fi(y) - 1 =
1— F;(v)/2 Mbps, while the throughput obtained from (2) is
1/(1 + F;(v)) Mbps. As shown in Fig. 2, when 0 < F;(y) <
1, the throughput from the ET is higher than that from the
AUT. It implies that, for a given MCS level, the proposed
method yields higher throughput than the AUT for any F;(v)
except the case that F;(v) is equal to 0 or 1.

Furthermore, we will prove that the throughput obtained
from (1) is higher than or equal to the throughput obtained
from (2) for any FER, conditioned on a given MCS level
and maximum number of transmissions. We first consider a
case that a frame is successfully decoded within the maximum
Npax transmissions.

THEOREM 1: If the maximum number of transmissions is
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larger than 1 (Npyax > 1) and a frame is successfully
decoded within Ny .x transmissions, for a given MCS level,
the throughput obtained from (1) is higher than or equal to
the throughput obtained from (2) for any FER.

PROOF. If a frame made by MCS i with SINR v is
successfully decoded at the n-th transmission (Fj(nvy) =
0,2 <n < Npaxand 0 < F;(my) <1,m=1,...,n—1),
with the data rate of MCS ¢, R;, the throughput obtained from
(1) at the n-th transmission is expressed as

n k—1
1
ET"=R;[1- _— F; 3
en (i3 o) o
k=2 m=1
and the throughput obtained from (2) at the n-th transmission
is expressed as
R;

AT = —— . 4)

1+ > [ Fi(mv)

k=2m=1

The proofs of (3) and (4) are given in Appendices A and
B, respectively. Moreover, we set a hypothesis in which
THEOREM 1 is true. The hypothesis is given by
n k—1
1 R;
1=y —— ; > .
R, (1 Z (k— 1)k H F’(m7)> = n Aol
= 1430 1 Fi(m)

k=2m=1
(&)

(5) is proved by mathematical induction, and the details
are described in Appendix C. If the maximum number of
transmissions Npax goes to infinity, the decoding is suc-
cessfully completed. That is, THEOREM 1 is also true when
Nmax — Q.

Second, we consider another case in which a frame is not
successfully decoded during Ny, ,x transmissions. In this case,
we derive the following theorem:

THEOREM 2: If the maximum number of transmissions is
larger than 1 (Nmax > 1) and the probability that all Ny ax
transmissions of a frame are not successfully decoded is larger
than 0, the throughput obtained from (1) is higher than or
equal to the throughput obtained from (2) for a given MCS
level and any FER.

PROOF. In this case, for given MCS ¢ achieving the data
rate of R; and SINR -, the throughput obtained from (1) at the
Nmax-th transmission is expressed as (6) and the throughput
obtained from (2) at the Np,,x-th transmission is expressed as
(7). Both (6) and (7) are easily proved by using (1), (2), and
THEOREM 1. Then, we set a hypothesis in which THEOREM
2 is true. The hypothesis is given by

Ngx | k=l 1
Ri|1- > =% F(my) = —goi
- m=1 1+ > [] Fitm

k=2 m=1

Nimax
[[ Fitmy)

Nl’nax
H Fl(mfy) - N::l:xl k—1 > 0.

m=1 1+ Z H Fi(m~)

k=2 m=1

—R; 1

Nmax

(®)
In THEOREM 1, we showed the first-line terms in (8) are
greater than or equal to zero. In the second-line terms,

since Nax > 1+ S0 [160 Fi(mny), T Fy(my) -
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1/Nmax — /(1 R Wil I Fz(m'y))) < 0. There-
fore, the theorem is proved to be true with the above results.

Through THEOREMS 1 and 2, we can conclude that, for a
given MCS level and maximum number of transmissions, the
throughput obtained from (1) is higher than or equal to the
throughput obtained from (2) for any FER.

C. Optimal MCS Mapping Design

The conventional MCS mapping design in cellular networks
is based on maximizing the instantaneous data rate while
maintaining a given FER constraint. This criterion is

MCSper, (7) = argmax{R;|Fy(y) <z}, ©)
where z is the maximum allowable FER and M represents
the set of MCS levels[11].

With the maximum number of transmissions N .x, the
proposed criterion based on the CC-based HARQ mechanism
chooses an MCS level maximizing (1) and is given by

Nmax

MCSEHASE (y )—argmaxR Z H Fi(mv)(1 — F;(kv)).

(10)
The proposed MCS selection achieves the optimal approach
by choosing an MCS level which maximizes the expected
throughput considering the contributions from the HARQ
operations accompanied by future retransmissions.

As proposed in [11], the AUT-based mapping criterion
for the HARQ mechanism with CC chooses an MCS level
maximizing (2) and is given by (11).

In this letter, we also propose an optimal MCS selection cri-
terion considering an IR-based HARQ mechanism. We assume
the conventional IR policy in which the retransmission frame
size is restricted to be the same as the initial transmission[5].
Using the conventional IR-based HARQ mechanism, the pro-
posed MCS selection criterion is given by (12). F; Ri (+) is
the associated FER of MCS i at the k-th transmission with
SINR (-), which reflects a different FER function considering
the coding gain obtained from each subsequent retransmission.
The term o, is the associated SINR gain of MCS i at the k-th
transmission.

The above FER function and SINR gain used for decoding
at each (re)transmission depend upon the policy of the IR
scheme implemented in a system. As mentioned in [11], (11)
can be extended to the criterion that adopts the conventional
IR-based HARQ mechanism with the above FER function and
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SINR gain. This newly derived criterion from (11) is used for
performance evaluation of our criterion in Section III.

Based on THEOREMS 1 and 2, we define the following
corollary:

COROLLARY 1: In a conventional IR-based HARQ mech-
anism where the retransmission frame size is the same as the
initially transmitted frame size, the throughput obtained based
on the method in (1) is higher than or equal to the throughput
obtained based on the method in (2) for a given MCS level
and any FER.

PROOF. Since the size of retransmission frame is the same
as that of the initial transmission, the HARQ mode change
from the CC to IR only requires different FER functions.
Therefore, the above corollary is proved to be true with the
following conclusion that THEOREMS 1 and 2 are satisfied in
both the CC- and conventional IR-based HARQ mechanisms.

III. PERFORMANCE EVALUATION

We compare the performance of three MCS selection crite-
ria in orthogonal frequency division multiplexing (OFDM)-
based high-speed downlink packet access (HSDPA) sys-
tem[13]: the conventional mapping design with an FER of
10%, named as ‘FER10’, the AUT-based mapping design
proposed in [11], named as ‘AUT’, and our ET-based mapping
design named as ‘ET’. We adopt 6 MCS levels with data rates
of 0.8 Mbps, 1.2 Mbps, 1.6 Mbps, 1.8 Mbps, 2.4 Mbps, and
3.6 Mbps. Specific MCS levels are described in Table II and a
turbo encoder with a mother code rate of 1/3 is used in order
to obtain the code rate of each MCS level. We use the CC- and
conventional IR-based HARQ mechanisms and the maximum
number of transmissions Ny, is set to 5 in our simulations.
Table II lists the operation parameters of the IR scheme for
6 MCS levels where the first field of the table includes the
index, the size of information bits, modulation type, and code
rate for each MCS level. Policies of the IR scheme employed
in our simulations are as follows:

o Each retransmission frame has the same size as the initial
transmission frame.
o The SINR gain of MCS ¢ at the k-th transmission is given

by
k
=37

where L} is the frame size of MCS i at the [-th transmis-
sion and P} is the size of new parity bits, not transmitted
to the destination until the (I — 1)-th transmission. If the

i z

k=2,

-5 Nmax, 13)

Nmax 1 k—1 1 Nmax
ETNwax = R, [ 1— F; - F; 6
; ( > g 1L B = 5 — (m7)> (©)
k=2 =1 =1
H Fi(mry)
AUTNmax _ R 1 _ m=1 (7)
i o Nmax k—1 Nmax k-1
1+ > II Fs(my) 14 > ]I Fi(my)
k=2 m=1 k=2 m=1
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TABLE I
EXAMPLE OF AN OPERATION POLICY OF THE IR SCHEME EMPLOYED IN
OUR SIMULATIONS

MCS level Code rate(s) SINR gains P
A <k<l) (1 <k < Nmax) 2<1<1l)

1, 1600 173 1,2,3,4,5 0
QPSK, 1/3 (=1

2, 2400 172, 1/3 1, 3/2, 52, 7/2, 9/2 2400
QPSK, 1/2 (lxy =2)

3, 3200 173 1,2,3,4,5 0
16QAM, 1/3 (=1

4, 3600 3/4, 172, 173 1, 372, 7/4, 11/4, 15/4 2400, 3600
QPSK, 3/4 (lxy =3)

5, 4800 172, 173 1, 3/2, 52, 712, 9/2 4800
16QAM, 1/2 (lxy =2)

6, 7200 3/4, 172, 1/3 1, 372, 7/4, 11/4, 15/4 4800, 7200
16QAM, 3/4 (lxy =3)

Frame Error Rate
5
T

—+— MCS1 (QPSK, 1/3)
| —%— MCS2 (QPSK, 1/2) |3
i| —%— MCS3 (16QAM, 1/3)
‘| —=— MCS4 (QPSK, 3/4)
—6— MCS5 (16QAM, 1/2)
—O— MCS6 (16QAM, 3/4)
T

|
&)
ol
5}

15 20
SINR (dB)

Fig. 3. Link-level FER curves of the 6 MCS levels for the ITU Ped-A 3
km/h channel.

code rate gained by the IR scheme reaches the mother
code rate in the l;-th transmission, P} ,---, Py, are
all zero.

o For each MCS level, the code rate corresponding to the
FER function changed at each retransmission is listed in
the second field of Table II. If the code rate gained by
the IR scheme reaches a mother code rate of 1/3 at the
li-th transmission, in the remaining transmissions, the
FER function used in the [x-th transmission is applied to
obtain the error rate.

We perform link-level simulations to obtain FER look-up
tables for 6 MCS levels. We will use FER functions and FER
look-up tables interchangeably. The OFDM configuration for
the link-level simulations uses the parameter set 2 in [13].
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Fig. 4. Comparison of hull curves of the mapping criteria for the ITU Ped-A
3 km/h channel.

Figure 3 shows the link-level FER curves of the 6 MCS
levels for the International Telecommunication Union (ITU)
Pedestrian-A 3 km/h channel. The link-level FER curves for
the additive white Gaussian noise (AWGN) and ITU Ped-
B 3 km/h channels are also obtained through the link-level
simulations. Figure 4 compares the hull curves of the mapping
criteria for the ITU Ped-A 3 km/h channel. In both the CC- and
IR-based HARQ mechanisms, the proposed mapping criteria
and the criteria in [11] choose MCS levels which achieve
higher throughput than the criterion ‘FER10’. Moreover, our
two mapping criteria show the hull curve with higher through-
put than the AUT-based mapping criteria.

Furthermore, we evaluate the throughput performance of the
mapping criteria in terms of the average cell throughput using
system-level simulations. Seven cells are deployed with a
hexagonal layout where MSs are uniformly distributed within
the center cell. We consider full queue traffic and apply a
round robin discipline as a scheduling algorithm where the
number of MSs scheduled at each TTI is set to 3. Figure
5 shows a comparison result of the average cell throughput
for the mapping criteria in the AWGN, ITU Ped-A 3 km/h,
and Ped-B 3 km/h channel models. The proposed mapping
criteria and the criteria in [11] yield better performance than

Nmax
Ri(1— [ Fi(my))
MCS ™ (7) = argmax w——— = T (11)
: k HlFi(mV)(l_Fi(k'}’))""Nrﬂax Hl FZ(mV)
=1 m= m=
Nmax 1 k—1 ) ‘
MCSfi(7) = arg max R; § . 1'_[1 Fiom, (@1 = Fyopg () (12)
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Fig. 5. Comparison of average cell throughput obtained by the mapping

criteria for the AWGN, ITU Ped-A 3 km/h, and Ped-B 3 km/h channels.

the criterion of ‘FER10’. Moreover, in both the CC- and
IR-based HARQ mechanisms, our mapping criteria achieve
higher average cell throughput than the AUT-based mapping
criteria for all types of channel models. Compared with the
AUT-based mapping criterion adopting the IR-based HARQ
mechanism, the proposed ET-based mapping criterion with the
IR achieves higher average cell throughput by 16.8 kbps for
the AWGN, 16.2 kbps for the Ped-A 3 km/h, and 15.2 kbps
for the Ped-B 3 km/h channels.

IV. CONCLUSION

In this letter, we propose an optimal MCS selection rule
for maximizing user throughput while taking into account the
utilized HARQ operation in cellular networks. We adopt both
the CC- and IR-based HARQ mechanisms to our proposed
criterion and the MCS selection for the optimal mapping
decision is based on maximizing the expected throughput
(ET) estimated based on the number of transmissions and
successful decoding probability in HARQ operation. We ana-
Iytically derive the ET under the assumption of time-invariant
channel states during retransmissions. And, we prove that the
MCS mapping criterion proposed in [11] is not optimized
with respect to the expected throughput, by performing the
mathematical analysis. Through the analysis, we find that
the expected throughput in the proposed mapping criterion is
higher than or equal to that in the mapping criterion proposed
in [11] for a given MCS level and any FER. Through link-level
and system-level simulations performed in the OFDM-based
HSDPA system, we find that, in both the CC- and conven-
tional IR-based HARQ mechanisms, the proposed ET-based
mapping criteria achieve higher average cell throughput than
the compared mapping schemes for slowly varying channels.
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APPENDIX A
PROOF OF (3)

R 353 11 Fimy)(@ - F(ky)

m=1

k=1
=R; (1 - Fi(y)+

m=1
n k—1
= Rz (1 - Z (kjl)k H Fz(m’Y))
k=2 m=1
[ |
APPENDIX B

PROOF OF (4)
If an MS successfully decodes a frame at the n-th transmis-
sion, the term ] _, F;(m~) is zero (. F;(ny) = 0). Thus,
the throughput obtained from (2) at the n-th transmission is re-

duced to R; (ZZ:l KTT2 Fi(mry) (1 — Fi(ky))). There-
fore, (4) holds as
R;
n k—1
Yok [T Fmy)(1=Fi(kv))
k:':1 m=1 Ri
n—2
1=F(7)+2F,(7)A=Fi(2y)+-+(n=1) [ Fi(my)(1-Fi((n—1)7))
_ R; e
- 2 n—1
14BN+ [ Fmy)+-+ [ Fitmy)
Rvnl:l m=1
= o1
1+z H F;(m~)
k=2m=1
[ |
APPENDIX C

PROOF OF (5)

We can prove the inequality by mathematical induction.
In the basis, when n = 2, the left and right terms of
(5) are R;(1 —1/2 - Fy(y)) and R;/(1+ F;(v)), respec-
tively. Since the difference between these two terms is R; -
(Fi(v)(1 = Fi(y))/(2+2F;(7))) and it is greater than or
equal to zero, (5) holds for n = 2. Next, in the inductive
step, we assume that the following induction hypothesis holds
for n =1(l > 2):

! = B
Ri (1 - Z (k—1)k H Fi(my)) = = :
k=2 m=t 1+ > ]I Fi(my)

k=2m=1
(14)
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To show that the hypothesis holds for n = [ + 1, at first,
we subtract the term R;/(I(1 + 1)) - Hm 1 Fi(my) from the
both sides of (14). Then, we obtain the following inequality:

I+1 1 k—1
R 1 F,
2 (k—1)k [1 #tm) [3]
k=2 1
15)
R; R; (
= I k-1 l(l—l—l) H Fz(m’Y) [4]
1+ > I Fi(my) m=l
k=2 m=1 5]
Next, R / (HZH ! Fi(m'y)) is added / sub- g

tracted to / from the rlght-hand 31de of (15). With the following
results the left term of (15) is greater than or equal to the term

(1 + Zlﬂ k ! Fi(mv)), then the hypothesis holds
for n=1{+1. By 1nduct10n, (5) is proved to be true.

(7]

(8]
141 k—1

1
R; 1_27(]{:_1)]{: ]:[Fz(m’Y) [9]
R; 1‘[ Fi(m [10]
Z I+1 k—1 [11]
(14—2 H F;(m~) (1+Z 11 F(m’y))
k=2 m=1 k=2m=1
l [12]
l+ 0 I1 7(m 1 A [13]
S 1+ > 11 Fi(my)
k=2m=1
R;
= 41 k-1
1+ kE H1 Fi(mry)
=2 m=
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